Electric field-based frequency tuning of acoustic resonators at the material level may provide an enabling technology for building complex tunable filters. Tunable acoustic resonators were fabricated in thin plates (h/λ ∼ 0.05) of X-cut lithium niobate (LiNbO 3 ) (90 • , 90 • , ψ = 170 • ). LiNbO 3 is known for its large electromechanical coupling (K 2 ) for the shear and symmetric Lamb modes (SH 0 : K 2 = 40%, S 0 : K 2 = 30%) in thin plates and, thus, applicability for low-insertion loss and wideband filter applications. We demonstrate the effect of a dc bias in X-cut LiNbO 3 to shift the resonant frequency by ∼0.4% through direct tuning of the resonator material. A nonlinear acoustic computation predicted 0.36% tuning, which was in excellent agreement with the tuning measurement. For X-cut, we predicted electrical tuning of the S 0 mode up to 1.6% and for Y-cut the electrical tuning of the SH 0 and S 0 modes was up to 7.0% with K 2 = 27.1%. The mechanism is based on the nonlinearities that exist in the piezoelectric properties of LiNbO 3 . The X-cut SH 0 mode resonators were centered near 335 MHz and achieved a frequency tuning of 6 kHz/V through the application of a dc bias.
At present, tuning techniques are primarily based on changing load impedances [1] with MEMs or using solid-state devices in discrete circuits, many achieving excellent performance. Specifically, tunable RF and microwave filters consist of using ferroelectric thin-film varactors [2] , evanescentmode waveguide filters [3] , MEMS switches [4] , planar tunable filters [5] , ferrimagnetic yttrium-iron-garnet (YIG) resonators [6] , and reconfigurable contour-mode resonators [7] . YIG tunable filters offer multioctave tuning using external magnetic fields with an unloaded quality factor (Q) around 2000-5000; however, they require large power consumption (0.75-3 W) and are difficult to integrate into portable wireless devices [8] . Thus, they are not suitable for mobile applications. On the contrary, electromagnetic RF filters that are tuned with solid-state technologies such as ferroelectric, semiconductor, or MEMS devices to realize voltage tunable capacitors are well-suited for compact tunable RF filters in low-power applications. However, the performance and application of these filters are limited by their large size and low Q (<400 at 1-10 GHz) relative to piezoelectric filters. Because of these challenges, high-Q tunable piezoelectric filters remain elusive but are highly desirable [9] .
A recent finding demonstrates that the application of a dc voltage bias in piezoelectric layers induces two key effects: 1) induced longitudinal coupling [10] , where only shear modes were normally present and 2) a dependence of the phase velocity on the applied dc electric field via electrostriction and nonlinear effects in a theoretical study in langasite [11] . In other ferroelectric materials such as lead titanate zirconate (PZT), the application of a dc bias has been shown to overcome residual stresses, which enhanced the electromechanical properties of a thin film device [12] . In studies on the material stoichiometry and phase transitions, connections between the elastic modulus, mechanical loss, and dielectric properties appear to be connected [13] . If the material properties can be substantially affected, combined with geometrical changes, or phase transition dependencies by various loading or bias conditions, it may lead to an effective method for tuning RF devices. Lithium niobate (LiNbO 3 ) is known to have a very high Q, with state-of-the-art Q•f products near 10 13 -10 14 as demonstrated on high-overtone bulk acoustic wave resonators (HBAR) [14] , [15] . In addition, LiNbO 3 has highly reproducible material properties, making it an excellent choice for RF acoustic resonators and filter applications. In the previous work [16] , thin films or crystal plates of X-cut LiNbO 3 have enabled low insertion loss (IL), wideband filters for RF, and microwave devices [17] [18] [19] .
These types of acoustic resonators and filters often leverage the lowest order shear mode (SH 0 ) or Lamb mode (S 0 ) in thin plates of LiNbO 3 [18] , [19] .
In our recent work, we demonstrated that a dc bias can tune the resonant frequency of microresonators fabricated on LiNbO 3 [20] . At present, the tuning effect is ∼1%; however, other crystal cuts and orientations may yield larger tuning behavior, which can be discovered by invoking the third-order material constants. In addition to tuning the center frequency, we report on the effect of an applied dc bias to tune the electromechanical coupling. This paper develops a nonlinear computation method to search for frequency-tuning behavior using LiNbO 3 and other piezoelectric materials. It then compares the computation with the experimental results for thin plates of X-cut LiNbO 3 , while making predictions for Y-cut LiNbO 3 .
II. THEORY

A. Acoustic Velocities in a Piezoelectric Plate
Green's function analysis was used to compute the acoustic phase velocities and displacements in the absence and presence of an applied dc electric field. The electric field can be set to an arbitrary direction in the computation; however, it was set parallel to the acoustic propagation direction since the dc electric field was applied between the interdigital electrodes. For thin layers or multilayered structures operating at gigahertz frequencies, a recently developed approach uses a recursive asymptotic stiffness method (RSM) [21] [22] [23] to compute the generalized Green's function and is numerically stable for thin layers (h/λ 1). The approach is based on a linear treatment of the piezoelectric equations derived from Newton's, Hooke's law, and Maxwell's equations
where c E i j kl , e ki j , and ε S ik are the second-order elastic stiffness, piezoelectric, dielectric tensors, ρ is the density, u is the mechanical displacement vector, ϕ is the electrostatic potential, T is the normal stress vector, and D 3 is the electric displacement. As shown, (1) ignores explicit terms that depend on the electric field, higher order material constants, thermal expansion, and pyroelectric coefficients. To incorporate nonlinear effects, the material constants in (1) will be treated as effective materials constants in the upcoming sections. By substituting a plane-wave-trial solution of the form e j (ωt −k 1 x−k 2 x−k 3 x) into (1), a matrix differential equation is defined as [24] dξ dz = j Aξ
where A is the fundamental acoustic tensor [21] and the statevector ξ is defined as
The solution of (2) is an exponential matrix solution B, which relates the state vector at the top layer (z + h) to the bottom layer (z). Using the method described by Wang and Rokhlin [21] , B is rewritten as a stiffness matrix (K) to improve numerical stability. Finally, a second-order asymptotic approximation for a thin layer is obtained. Thicker layers were subdivided as h = H /2 n and combined recursively to produce a total stiffness matrix K. The solution has been shown to converge to the exact solution. In terms of stiffness matrix, Green's function for a piezoelectric layered system relates the general displacements to the surface mechanical stress as
where K (8 × 8) is the global stiffness matrix for the layered system computed using RSM. K is derived from the fundamental acoustic tensor or Stroh matrix for a piezoelectric layer and is dependent on the material constants, frequency, velocity, and thickness of the layers. The expression in (4) avoids computing and sorting the eigenvalues and eigenvectors, which simplifies the computation for a wide range of materials and frequency •thickness products. The superscripts denote the mechanical (
For a stress-free plate on the top and bottom surfaces with an open-circuit at the bottom interface (i.e., charge density = 0), the effective permittivity was computed as [21] 
where S e i j (k x , ω) are the compliances, k x is the wavenumber, and ε o is the permittivity of free space. The explicit frequency and wavenumber dependence of S e i j are omitted. The effective permittivity for a short-circuit at the bottom interface is given as [21] 
In the computations, the piezoelectric plate was divided into N = 8 sublayers or 2 8 recursions. The total stiffness matrix K was obtained by recursively combining all the individual stiffness matrices from the layer using the recursive algorithm. The poles and zeros of (5) and (6) give the openand short-circuit velocities for piezoelectric acoustic modes in the plate with or without a bottom ground condition. For piezoelectric or nonpiezoelectric substrates, the zeros of the determinant (4) give all the acoustic modes (e.g., bulk) in the plates, whether piezoelectrically active or not. The numerical implementation of (4) through (6) was validated by computing the acoustic velocities and their displacements for thin LiNbO 3 plates before performing the nonlinear computations. 
B. SH 0 Mode
In LiNbO 3 , two modes with very large electromechanical coupling exist, namely Lamb (X-cut, S 0 , K 2 = 30%) and shear (X-cut, shear, K 2 = 36%, Y-cut, shear, K 2 = 38%) [25] . The electromechanical coupling K 2 is the electricalto-mechanical conversion efficiency, which is a significant parameter for piezoelectric materials because it determines the bandwidth and IL of a filter. K 2 is often estimated by computing the acoustic velocities for the open-and shortcircuit electrical (i.e.,
, v/v method) boundary conditions. More precisely, it is computed from the residue of Green's function evaluated at each pole [26] 
where G 44 is k x ε o −K e 11 in (4) and ε p is the effective permittivity of the piezoelectric plate. The v/v method is sufficiently accurate when h/λ < 1 for antisymmetric and symmetric Lamb modes and is valid for the cases considered in this study. However, if h/λ > 1 the two methods give drastically different results for K 2 and thus, the v/v method is not reliable. This occurs because the particle displacement is significantly perturbed for the metalized surface condition when h/λ > 1 [26] at specific Euler angles. Our computational method based on (1)-(6) was validated for the linear case as shown in Fig. 1 [25] . The open-and short-circuit phase velocities are shown in Fig. 1 
C. S 0 Mode
Symmetric lamb modes (S 0 ) also exist in thin plates of LiNbO 3 at an acoustic velocity of about 1.6 times higher than the SH 0 mode. In Fig. 2 , the open-and short-circuit phase velocities are shown under stress-free conditions for a stressfree plate of LiNbO 3 . When ψ = 34 • , K 2 reaches a maximum value of about 30% when the normalized plate thickness (h/λ) is 0.05-0.1.
D. Elastic Wave Propagation Under the Influence of Homogeneous dc Electric Field
The theory of nonlinear electrostatic effects was first given by Baumhauer and Tiersten [27] for the approximation of small-amplitude acoustic waves superposed on a bias field. Based on the theory of small biasing strains, the acoustic behavior in the presence of a bias field can be described through effective material constants which are different due to the perturbation terms compared to the unbiased material.
In a piezoelectric plate held under a constant electric field, stresses are induced from the application of strains in specific directions through the second-and higher order elastic stiffness, piezoelectric, and dielectric tensors. In LiNbO 3 , the third-order constants play a key role in the nonlinear effects in acoustic wave propagation. These third-order constants arise from a Taylor series expansion of the thermodynamic Gibb's potential in the strain and electric field [28] [29] [30] . Based on thermodynamic differentials, the "effective" elastic stiffness, piezoelectric, permittivity constants have been expressed as linear functions of an externally applied dc electric field as [31] c * i j kl = c E i j kl + c E i j klpq d npq − e ni j kl M n E e * i j k = e i j k + e i j kpq
where c E i j kl , e i j k , and ε S i j are the second-order elastic stiffness, piezoelectric, dielectric tensors, c E i j klpq is the third-order elastic stiffness tensor, d npq is the piezoelectric strain defined as d npq = e i j k S E j kpq , H i j pq is the electrostriction tensor, e i j kpq is the third-order piezoelectric tensor, ε S i j n is the third-order dielectric tensor, E is the electric field, and M is the unit vector specifying the direction of E. In these expressions, the thirdorder constants follow a linear dependence on the applied electric field. The expressions in (8) were derived under the assumption of uniaxial mechanical stress with homogeneous electric fields and require knowledge of the complete thirdorder material constants. The second-and third-order constants are assumed to be unchanged by the mechanical stress, where the elastic, piezoelectric, and dielectric constants appearing in (1) become the "effective" stiffness, piezoelectric, and dielectric tensors due to an applied electric field.
For LiNbO 3 as class 3m, the third-order elastic constants (TOEC) (c (i j )(kl)(mn) ) = c I J K , electrostriction (l (i j )(kl) ), piezoelectric (e i( j k)(lm) ), and dielectric constants (ε i( j k) ) have been measured [32] . The TOEC is a sixth rank tensor that contains 3 6 = 729 elements. However, due to symmetry conditions c i j klmn = c j iklmn c i j klmn = c kli j mn = c mnkli j .
At most, there are 56 independent third-order elastic constants and 14 nonzero components for LiNbO 3 . In summary, there are 13 independent piezoelectric, 8 electrostriction, and 3 dielectric third-order constants.
E. Tensor Definitions and Rotations
To apply (8) for different crystal orientations, the constants were rotated using the general relations [33] 
where Q i j are the elements of the transformation matrix relating the crystallographic reference frame to the desired rotated coordinate frame and the bar indicates the rotating quantity. To allow for arbitrary electric field orientations, the unit vector M is rotated by an arbitrary rotation matrix and then rotated again by the inverse of the coordinate transformation matrix Q before computing the effective constants. All tensor contractions were performed using standard matrix multiplication after matricization (i.e., reshaping) of each pair of tensors being contracted [34] . The calculations were performed numerically and the effective material constants were substituted into (4), (5), or (6) to compute the effective permittivity in the presence and absence of a dc bias. 
F. Controlling Coefficient of Voltage
The nonlinear controlling coefficient relates the dependence of the acoustic phase velocity on the applied electric field. It has been defined in terms of mechanical pressure [35] and the dc electric field as [31] 
where v i is the acoustic phase velocity when E = 0, ν is the change in the acoustic velocity, and E is the change in the applied dc electric field. The goal is to locate maximum values of α where the electromechanical coupling K 2 is sufficient for acoustic wave propagation. In the computations, the electric field was parallel to the acoustic wave propagation direction, which was designated a "positive" bias [see Fig. 3(a) ]. Antiparallel was a "negative" bias when the electric field was reversed compared to the acoustic propagation specified by the Euler angles. Acoustic propagation parallel to the Euler angle direction corresponded to a dc electric field between the interdigital fingers. 
G. X-cut LiNbO 3
The application of a dc bias shown in Fig. 3(a) and (b) caused the phase velocities for the SH 0 mode to deviate slightly from the unbiased case, which was dependent on the rotation angle ψ from the Y -axis. The controlling coefficient was computed [see Fig. 3 (c)] for the SH 0 mode in X-cut LiNbO 3 using a plate thickness of 1.2 μm at 335 MHz, giving h/λ = 0.1. The gap between the interdigital fingers was 2 μm. Fig. 3(b) shows that α reaches maximal values at 0 • and 174 • , where α = −36 and −38 pm/V, respectively. At both angles of ψ, K 2 is close to a maximum value. At ψ = 170 • , v/v = −0.6% where α = −37 pm/V. For the antiparallel or negative bias, the controlling coefficient was mirrored about the X-axis (not shown) with the same magnitude for the negative bias case. It is not expected that the controlling coefficient α would achieve a maximum at the same cut and rotation where K 2 is the maximum value, especially for an arbitrary direction of the electric field.
For the S 0 mode, the plate thickness was 1.2 μm at 335 MHz, giving h/λ = 0.06 due to the higher acoustic velocity of the S 0 mode [see Fig. 4(a) ]. The gap between the interdigital fingers was 2 μm. Fig. 4(b) predicted α that reaches a maximal value at 60 • , where α = 100 pm/V. At ψ = 60 • , v/v = 1.6%. Similarly, the controlling coefficient was mirrored about the X-axis for the negative bias case (not shown). Our theoretical development provides a method to search for larger values of the nonlinear controlling coefficient; however, higher order effects such as quadratic dependencies in the electric field (i.e., electrostriction) may not be accurately treated [36] . In addition, different authors report a wide range of values for the nonlinear third-order coefficients for LiNbO 3 , highlighting the importance of experimental verification [32] , [37] .
H. Y-cut LiNbO 3
For Y-cut LiNbO 3 , the Y -axis is normal to the X Z-plane with acoustic propagation in the n direction from the X-axis [see Fig. 5(a) ]. The application of a dc bias in Fig. 5(b) caused the phase velocities for the SH 0 mode to deviate more significantly than for X-cut LiNbO 3 . The controlling coefficient was computed [see Fig. 5(c) ] for the SH 0 mode in Y-cut LiNbO 3 using a normalized plate thickness h/λ = 0.1. The controlling coefficient, α = −392 pm/V at 106 • where K 2 = 1.3% and v/v = 7.0%. In this case, the dc bias reduced the electromechanical coupling from 2.3% to 1.3% when switching from the unbiased to the biased condition. A potentially more useful cut is where ψ = 118 • , where α = −250 pm/V and K 2 = 3.9%. At ψ = 118 • , the coefficient of tuning and electromechanical coupling reach extrema at the different angles of ψ.
The acoustic velocity for the S 0 mode in Y-cut LiNbO 3 is shown in Fig. 6(a) . In Fig. 6(b) , the dc bias caused a large asymmetry in K 2 , compared to the unbiased condition. At (0 • , 90 • , 48 • ), α = 448 pm/V and K 2 decreased from 13.7% to 7.6%. In addition to tuning the phase velocity by v/v = 7.0%, K 2 decreased by 6.1%. Similarly, a large enhancement in K 2 was observed when ψ = 138 • , where K 2 increased from 13.8% to 27.1% with α = −390 pm/V and v/v = −7.0%. Application of a dc bias is breaking symmetry in the material tensors for Y-cut LiNbO 3 causing reduction and enhancement behavior of K 2 , which was dependent on the rotation angle ψ. Although tuning is often achieved by changing the center frequency using an external perturbation (i.e., voltage, magnetic fields, current, temperature), the shift in K 2 may allow an RF filter to broaden or narrow its bandwidth via a dc bias and provide another dimension for tuning.
III. MEASUREMENTS
The microfabrication process was based on the techniques described in our previous work [17] . LiNbO 3 resonators were fabricated with two interdigital fingers for acoustic propagation of SH 0 modes along the (90 • , 90 • , ψ = 170 • ) direction [see Fig. 7(b) ]. The on-wafer RF measurements were performed using an N5230A network analyzer (Keysight Technologies) calibrated at the GSG150 probe tips [see Fig. 7(a) ]. Two bias tees were used to decouple the RF measurement from the dc-bias voltage along with two resistors to limit the current. The SH 0 mode resonators had a wavelength of 8.8 μm, a finger width of 1 μm, a finger gap of 2 μm, an aperture of 64 μm, and a 0.2-μm gap between the finger and the edge of the released substrate [see Fig. 7(c) ]. The thickness of the Cr/Au electrodes was 10/100 nm. The plate thickness was 1.2 μm, giving a thickness to wavelength ratio (h/λ) of 0.1. In the absence of a dc bias, the resonant frequency was 334.7 MHz, which corresponded to a phase velocity of 2954 m/s. The phase velocity was lower than the theoretical short-circuit conditions due to mass loading from the Au electrodes and variations in the fabricated material parameters.
When the SH 0 mode LiNbO 3 resonators were biased using a polarity of S1(−V)/S2(+V), there was a negligible shift in the resonant frequency [see Fig. 8(a) ]. The maximum applied dc bias was either +100/−100 V or −100/+100 V for a maximum of 200 V across a 2-μm gap. There was negligible current ∼1 pA to achieve tuning, thus effectively zero power except the overhead to generate high-voltage (HV) tuning. The dc electric field was always parallel to the Xcut (90 • , 90 • , 170 • ) acoustic propagation direction or −10 • from the +Y -axis. Under these conditions, the IL increased by 0.2 dB. However, when the dc bias was reversed to S1(+V)/S2(−V), a frequency shift of 1.2 MHz was observed [see Fig. 8(b) ]. The frequency shift corresponded to a shift of 6 kHz/V or about 0.4% of tuning. To further substantiate the measurements, the LiNbO 3 resonators were measured at Solid-state tuning behavior via dc bias for SH 0 mode. (a) DC polarity was S1(−V)/S2(+V) with a negligible tuning effect. (b) DC polarity was S1(+V)/S2(−V). (c) IL dependence on the dc-bias voltage. Hysteresis was not observed for the all the dc-bias conditions. positive and negative polarities in one orientation, then the resonators were measured in the opposite direction for both polarities, and in all cases, the polarity and asymmetry moved with the device. Aluminum nitride microresonators supporting the S 0 mode were measured using the same experimental setup (see Fig. 7 ) and tuning was not observed. The simulated value of the controlling coefficient for the SH 0 mode was α = ±37 pm/V at (90 • , 90 • , ψ = 170 • ), which gives α · E = (37 pm/V · 100 MV/m) = 0.37%. The computations and measurements were in very close agreement. The Q decreased by ∼25 for both dc-bias polarity conditions at the maximum bias potential as shown in Fig. 8(a) and (b). The applied electric field was varied from 25 to 100 MV/m due to the 2-μm gap between the interdigital electrodes. The electrical breakdown voltage of LiNbO 3 for interdigital electrodes with gaps around 3 μm is ∼200 MV/m [38] , where the maximum applied electric field used in our study was about 50% of the reported maximum breakdown value. To determine the impact of high electric fields, Comsol Multiphysics® was used to compute the electric field in the LiNbO 3 resonators. For the largest dc bias (+100/−100V), the electric field reached a maximum of 88 MV/m at the edges of the electrodes and rapidly decreased to ∼30 MV/m at 200 nm from electrodes. A dc bias of +100/−100 V exceeded the coercivity field for congruent LiNbO 3 (i.e., 22 MV/m) [39] throughout the region between the electrodes, which suggests reverse poling is likely and there is domain wall motion. At +50/−50 V, the electric field was ∼40 MV/m at the edges of the electrodes and rapidly decreased to 16 MV/m at 200 nm away from the electrodes. Thus, the Comsol simulation suggests there is localized depoling along the edges of the electrodes at the highest dc bias. However, there was no hysteresis in the tuning measurements. The accuracy of the frequency measurement was 0.003% or about 10 kHz. For each tuning measurement, the applied dc bias returned to zero potential before increasing to a new dc-bias potential to check for depoling and hysteresis. Thus, the measurements indicate the third-order constants drive the tuning behavior without significantly depoling the LiNbO 3 .
The tuning behavior was observed to be asymmetrical around a zero dc bias, which is a polarity of S1(−V)/S2(+V) caused very small frequency shift with only a slight increase in the IL. On the contrary, the IL increased by 0.5 dB at 200 V bias for the S1(+V)/S2(−V) polarity. At present, large biases are required for ∼1% tuning of the center frequency. Asymmetrical tuning was not entirely unexpected because the electrostrictive strain is not always quadratic with the electric field, especially in high permittivity materials with a nonlinear electric field (E) and polarization vectors (P) [36] . The observed tuning behavior was in contrast with linear piezoelectricity where reversing the direction of the electric field would cause a change in the sign of the strain, and hence, the frequency shift would be ± f . In the case of the nonlinear acoustic theory, it did not predict the measured tuning asymmetry for the SH 0 mode, which could be attributed to mechanical bias from tensile stress in the device; however, further studies are needed. The exact tuning mechanism is not well understood, since electrostriction causes displacement thus it works against the elastic stiffness, where third-order piezoelectricity tends to add to the elastic stiffness. We will continue to explore the details of the tuning mechanism theoretically and experimentally. A symbolic expansion of the tensor coefficients in (8) would provide insight into which components drive the tuning mechanism.
IV. CONCLUSION
In the presence of a dc-bias field in thin plates of X-cut LiNbO 3 (h/λ ∼ 0.1), the effective material constants depend on the nonlinear third-order material constants. An applied dc bias caused an asymmetric frequency tuning effect in the acoustic resonators. The theoretical calculations of the controlling coefficient predict optimal values of electrical tuning at (90 • , 90 • , 0 • ) and (90 • , 90 • , 174 • ) for the SH 0 mode and (90 • , 90 • , 60 • ) for the S 0 mode. The measured frequency tuning dependence for the SH 0 mode was 6 kHz/V with a maximum tuning range of 0.4%. Our measurements were in excellent agreement with the simulated value of the controlling coefficient of 0.37% for the SH 0 mode. The SH 0 mode tuning had an asymmetrical behavior, which was not predicted by the computations. It is possible that the tuning asymmetry was due to preexisting tensile stress in the device. For the S 0 mode on X-cut LiNbO 3 at ψ = 60 • , the theory predicts a fourfold larger tuning, with v/v = 1.6%. For the SH 0 mode on Y-cut LiNbO 3 , the largest tuning was at (0 • , 90 • , 106 • ) where α = −392 pm/V, K 2 = 1.3%, and v/v = 7.0%. For the S 0 mode on Y-cut LiNbO 3 , the largest tuning was at (0 • , 90 • , 48 • ) where α = 448 pm/V, K 2 = 7.6%, and v/v = 7.0%. For the S 0 mode at a rotation of (0 • , 90 • , 138 • ), α = −390 pm/V, K 2 = 27.1%, and v/v = −7.0%. This was the largest dcbias tuning discovered using the nonlinear computation and requires experimental validation.
Future improvements consist of placing dc-bias electrodes across the entire resonator cavity or along the length of a delay line, rather than using the RF electrodes for the dc bias. Solid-state tuning is a property is of great interest for tunable RF building blocks in mobile systems. Other LiNbO 3 cuts may provide more noteworthy results if the polarization can be maximized along a specific bias direction.
